Nilpotent fuzzy matrices play a crucial role in the study of fuzzy matrices. In this paper, we shall extend the nilpotence to the notion of simultaneous nilpotence for a finite set of fuzzy matrices. The notion of simultaneous nilpotence relates to the infinite products of a finite number of fuzzy matrices which converge to the zero matrix. Properties of the simultaneous nilpotence will be established.
Introduction
Properties of asymptotic forms of fuzzy matrices play an important role in the performance of fuzzy system modelling. Asymptotic forms of fuzzy matrices investigated in the literature include two types: the limiting behavior of consecutive powers of one fuzzy matrix [1] [2] [3] [4] 16, 17] and the infinite products of a finite number of fuzzy matrices [5, 6] . Guu et al. [5] proposed the notions of weak convergence and strong convergence for the infinite products of a finite number of fuzzy matrices. Guu et al. [6] established characterizations for the weak convergence and the strong convergence. Furthermore, in the same paper, several sufficient and necessary conditions for weak convergence were proposed as well. Recent survey on the asymptotic forms of fuzzy matrices can be found in Guu et al. [7] .
The nilpotent fuzzy matrices play a crucial role in the study of fuzzy matrices. For instance, the powers of a fuzzy matrix A converge to the zero matrix if and only if the matrix A is nilpotent [10] . A transitive fuzzy matrix, an important type of fuzzy matrices, can be decomposed into the sum of a nilpotent matrix and a symmetric matrix [9] . A fuzzy matrix is controllable if and only if an associated fuzzy matrix is nilpotent [13, 14] . Nilpotent fuzzy matrices have other interesting properties: a fuzzy matrix is nilpotent if and only if 0 is the unique eigenvalue [15] . As stated in [8] , a nilpotent fuzzy matrix has an acyclic digraph representation in which the vertices can be reordered (permuted) so that the associated adjacency matrix is a strictly lower triangular matrix. Moreover, an irreflexive transitive fuzzy matrix is nilpotent; a nilpotent fuzzy matrix is irreflexive.
As a generalization of nilpotent fuzzy matrices, the current paper proposes the notion of simultaneous nilpotence for a finite set of fuzzy matrices. The notion of simultaneous nilpotence relates to the infinite products of a finite number of fuzzy matrices which strongly converge to the zero matrix. In this paper, we shall explore properties for the simultaneous nilpotence.
The result that "a fuzzy matrix is controllable if and only if an associated fuzzy matrix is nilpotent" can be extended to the context of a finite number of fuzzy matrices. To do so, we shall generalize the notion of a controllable fuzzy matrix to simultaneously controllable fuzzy matrices. We shall show that a finite number of fuzzy matrices are simultaneously controllable if and only if a finite number of associated fuzzy matrices are simultaneously nilpotent.
Different algebraic operations involved may yield different results in the study of asymptotic forms of fuzzy matrices. In the literature, most papers are considered under the max-min operations [2] [3] [4] [5] [6] [8] [9] [10] [11] [12] [13] [14] 17] . The max-product operations [1, 16] , and max zero t-norms [1] have been considered as well. In this paper, we shall focus on the max-min operations.
The rest of this paper is organized as follows. Section 2 contains notations and preliminary background. In Section 3, we shall define the notions of simultaneous nilpotence and simultaneously controllable for a finite number of fuzzy matrices. Necessary and sufficient conditions for both notions satisfied by a finite number of fuzzy matrices will be given. Conclusion is in Section 4.
Preliminaries
Let I be the unit matrix. The symbol 0 may denote a zero matrix or a zero vector. 
If A ∈ F m×l and B ∈ F l×n , then the product A ⊗ B of A and B is defined as follows: (1) , A (2) , . . . , A (m) with each A (i) ∈ F n×n . Let F denote the set of underlying fuzzy matrices, that is, F = {A (1) , A (2) , . . . , A (m) }. For k ∈ N, let F k be the set of all products of matrices in F of length k, that is,
and ∇a ij := min(a ij , a ji ).
Hashimoto [9] proved A = A ∇A. We denote F := { A (1) , A (2) , . . . , A (m) }.
Main results
Let A k ⊗ be the kth power of A. A fuzzy matrix A is nilpotent 3 if A p ⊗ = 0 for some p ∈ N. In this section, we shall extend the nilpotence to a finite number of fuzzy matrices. 3 Hashimoto [9] defined the nilpotence as follows. A fuzzy matrix A of size n × n is nilpotent if A n ⊗ = 0. Since both statements are equivalent, we follow the conventional format for a real matrix to be nilpotent. Definition 1. Let F = {A (1) , A (2) , . . . , A (m) } be a finite set in F n×n . The fuzzy matrices {A (1) , A (2) , . . . , A (m) } are said to be simultaneously nilpotent if F p = {0} for some p ∈ N. Proof. Suppose to the contrary that for each i = 1, 2, . . . , n there exists an A ∈ F such that A ij / = 0 for some j . Let 1 j 1 n be given. Then there exist A 1 ∈ F and j 2 such that the (j 1 , j 2 )-entry of A 1 is nonzero. Corresponding to this j 2 , there exist A 2 ∈ F and j 3 such that the (j 2 , j 3 )-entry of A 2 is nonzero. By continuing this process, we obtain {A 1 , . . . , A n } and {j 1 , j 2 , . . . , j n , j n+1 } ⊂ {1, . . . , n} such that the (j i , j i+1 )-entry of A i is nonzero for all 1 i n. Thus there exist s and r with 1 r < s n + 1 such that j r = j s . Let B = A s−1 ⊗ A s−2 ⊗ · · · ⊗ A r . Then B ∧ I / = 0. By Theorem 1, we have F n / = {0}, a contradiction. This completes the proof.
Li [13] established the definition for a fuzzy matrix A to be controllable if there exists a permutation matrix P such that C = [c ij ] = P ⊗ A ⊗ P T satisfies c ij c ji for i > j. In the same paper, Li characterized that a fuzzy matrix A is controllable if and only if A is nilpotent. In the following, we shall extend Li's definition and the nilpotent characterization for a controllable fuzzy matrix to a finite set of fuzzy matrices.
Definition 2. A set F of n × n fuzzy matrices is called simultaneously controllable if there exists a (common) permutation matrix P such that for each
A ∈ F, C = [c ij ] = P ⊗ A ⊗ P T satisfies c ij c ji for i > j.
Theorem 4. Let F = {A (1) , A (2) , . . . , A (m) } be a set in F n×n . Then F is simultaneously controllable if and only if ( F) n = {0}.
Proof. "⇒". By [9] , we have
Since F is simultaneously controllable, there exists a permutation matrix P such that C = [c
, (by the definitions of A (k) and ∇A (k) ) we have that P ⊗ A (k) ⊗ P T is a strictly lower triangular fuzzy matrix for k = 1, 2, . . . , m.
Since each P ⊗ A i ⊗ P T is strictly lower triangular, direct computation shows
This implies that B is a zero matrix. Hence ( F) n = {0}. "⇐". We proceed by induction on n (the dimension). The assertion is true for n = 1. Assume the assertion is true for n − 1. Since ( F) n = {0}, by Theorem 3 there exists an indexî such that for each A ∈ F, ( A)ˆi j = 0 for j = 1, 2, . . . , n. Let P 1 be a permutation matrix such that for each A ∈ F,
ThenF is a set of (n − 1) × (n − 1) fuzzy matrices andF n = {0}. By Theorem 2 (the "n" plays the role of "p" in Theorem 2) we haveF (n−1) = {0}. We note that for any fuzzy matrix R, ( R) = R (see [11] ). It follows that F =F. By induction assumptionF is simultaneously controllable. Hence, there exists a permutation P 2 such that for eachÃ ∈F,
wherec ij c ji for i > j. Therefore for eachÃ ∈F, P 2 ⊗ Ã ⊗ P T 2 is a strictly lower triangular fuzzy matrix. Hence, for eachÃ ∈F, P 2 ⊗Ã ⊗ P T 2 is a strictly lower triangular fuzzy matrix. Set
Then for each A ∈ F,
Since P ⊗ ∇A ⊗ P T is symmetric and P 2 ⊗Ã ⊗ P T 2 is strictly lower triangular, we have c ij c ji for i > j. Hence F is simultaneously controllable. This completes the proof. Then A and B are controllable, but F is not simultaneously controllable. Therefore, by Corollary 1, F is simultaneously controllable.
Theorem 5. 4 The set F = {A (1) , A (2) Proof. It is known that for any nilpotent fuzzy matrix R = [r ij ], R = R (see [9] ). Moreover, r ij ∧ r ji = 0. Hence, if F is simultaneously nilpotent, then F = F. It follows from Theorem 4 that there exists a permutation matrix P such that P ⊗ A (i) ⊗ P T is a strictly lower triangular matrix for i = 1, 2, . . . , m. The other direction is obvious.
Conclusion
Properties of asymptotic forms of fuzzy matrices play an important role in the performance of fuzzy system modelling. Most of the study in asymptotic forms of fuzzy matrices investigated in the literature focused on the limiting behavior of consecutive powers of one fuzzy matrix. Recent development has extended this study to the scope of the infinite products of a finite number of fuzzy matrices.
Motivated from the study of consecutive powers of a fuzzy matrix, we proposed in this paper the notion of simultaneous nilpotence for a finite set of fuzzy matrices and explored its properties. When the finite set contains only one fuzzy matrix, the notion of simultaneous nilpotence becomes the nilpotence for a fuzzy matrix. The notion of simultaneous nilpotence relates to the infinite products of a finite number of fuzzy matrices which strongly converge to the zero matrix. Properties of the simultaneous nilpotence were established as well.
In the study of consecutive powers of a fuzzy matrix, the class of controllable fuzzy matrices includes idempotent, transitive, strongly transitive fuzzy matrices, etc. Moreover, a controllable fuzzy matrix has a simple and interesting characterization; namely, it can be characterized by an associated nilpotent fuzzy matrix. In this paper, we proposed the notion of simultaneously controllable fuzzy matrices which can be thought of as a generalization of the notion of controllable fuzzy matrices. Similar to the nilpotent characterization for a controllable fuzzy matrix, the simultaneously controllable fuzzy matrices can be characterized by a finite set of associated simultaneously nilpotent fuzzy matrices.
